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Abstract: If  ( )  ∑    
  
     is a polynomial of degree   satisfying 
 (z)    in |z|   , then for R   . Ankeny and Rivlin [1] proved 
that   M(p R)   .
    
 
/  M (p   )  . In this paper we obtain some results 
in this direction by considering polynomials of degree  , having all its 
zeros on |z|  k k    . 
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1.  INTRODUCTION AND STATEMENT OF RESULTS 
 
For an arbitrary entire function ( )   let 𝑀(𝑓 𝑟)     |𝑓( )||𝑧| 𝑟
𝑚𝑎𝑥 .Then for a 
polynomial  ( ) of degree    it is a simple consequence of maximum modulus 
principle (for reference see ,4  vol. I  p.  37  Problem III   69-) that 
𝑀(  𝑅)   𝑅  𝑀 (    )  for 𝑅                                         ( ) 
The result is best possible and equality holds for  p(z)  λzn  where  |λ|  
 . R   .  
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If we restrict ourselves to the class of polynomials having no zeros in |z|     
then inequality ( ) can be sharpened. In fact it was shown by Ankeny and Rivlin 
, - that if p(z)    in |z|     then ( ) can be replaced by  
       𝑀(p R)   .
    
 
/  M (p   ) 𝑅                                     ( ) 
The result is sharp and equality holds for p(z)  α + βzn  where |α|  |β|. 
While trying to obtain inequality analogous to inequality ( ) for polynomials 
not vanishing in | |  𝑘 𝑘     K K Dewan and Arty Ahuja , - proved the 
following result. 
Theorem A.  If  ( )  ∑    
  
    is a polynomial of degree n having all its zeros on 
| |  𝑘 𝑘     then for every positive integer s 
       *𝑀(  𝑅)+𝑠    .
𝑘𝑛−1(  𝑘) (𝑅𝑛𝑠− )
𝑘𝑛−1 𝑘𝑛
/ *𝑀(   )+𝑠 𝑅                   (3) 
By involving the coefficients of p(z)  Dewan and Ahuja , - in the same paper 
obtained the following refinement of Theorem A. 
Theorem B.  If  ( )  ∑    
  
     is a polynomial of degree n having all its zeros on 
| |  𝑘 𝑘     then for every positive integer s 
     *𝑀(  𝑅)+𝑠  
  
 
𝑘 
*
 |  |*𝑘
 ( + 𝑘 ) + 𝑘 (𝑅 𝑠 − 𝑟 𝑠)+ + |  − |* 𝑘
 +𝑅 𝑠 − 𝑟 𝑠+
 |  − | +  |  |( + 𝑘 )
+ 
× *𝑀(   )+𝑠   𝑅                                                                                                                (4) 
In this paper  we restrict ourselves to the class of polynomials of degree n    
having all its zeros on |z|  k k     and obtain an improvement and 
generalization of Theorem A and Theorem B. More precisely  we prove 
Theorem  .  If  ( )  ∑    
  
    is a polynomial of degree n having all its zeros on 
| |  𝑘 𝑘     then for every positive integer s and R    
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*𝑀(  𝑅)+𝑠    (
𝑘 − ( + 𝑘) + (𝑅 𝑠 −  )
𝑘 − + 𝑘 
) *𝑀(   )+𝑠 
                                                  −𝑠 |  | .
𝑅𝑛𝑠− 
 𝑠
−
𝑅𝑛𝑠−2− 
 𝑠− 
/ *𝑀(   )+𝑠−                     
           𝑖𝑓  >                                                                     (5) 
and  
*𝑀(  𝑅)+𝑠    (
𝑘 − ( + 𝑘) + (𝑅 𝑠 −  )
𝑘 − + 𝑘 
) *𝑀(   )+𝑠 
                                     −𝑠 |  | (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− −  
 𝑠 −  
) *𝑀(   )+𝑠−             
𝑖𝑓                                                                     (6) 
By choosing s    in Theorem  .we get the following result. 
Corollary  .  If  ( )  ∑    
  
    is a polynomial of degree n    having all its 
zeros on |z|  k k     then for R    
*𝑀(  𝑅)+    (
𝑘 − ( + 𝑘) + (𝑅 −  )
𝑘 − + 𝑘 
) *𝑀(   )+  
   − |  | (
𝑅 −  
 
−
𝑅 − −  
 −  
)      
𝑖𝑓  >                                                                (7) 
and  
*𝑀(  𝑅)+    (
𝑘 − ( + 𝑘) + (𝑅 −  )
𝑘 − + 𝑘 
) *𝑀(   )+ 
           − |  | (
𝑅 −  
 
−
𝑅 − −  
 −  
)             
 𝑖𝑓                                                                  (8) 
Next we prove the following result which is a refinement of Theorem  . 
Theorem  . If  ( )  ∑    
  
     is a polynomial of degree n having all its zeros on 
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|z|  k k     then for every positive integer s and R    
    *𝑀(  𝑅)+𝑠    
 
𝑘 
*
 |  |*𝑘
 ( + 𝑘 ) + 𝑘 (𝑅 𝑠 −  )+ + |  − |* 𝑘
 + 𝑅 𝑠 −  +
 |  − | +  |  |( + 𝑘 )
+ 
× *𝑀(   )+𝑠 – 𝑠 |  | .
𝑅𝑛𝑠− 
 𝑠
−
𝑅𝑛𝑠−2− 
 𝑠− 
/ *𝑀(   )+𝑠−    
 𝑖𝑓  >                                                                                                                                   (9) 
and  
     *𝑀(  𝑅)+𝑠    
 
𝑘 
*
 |  |*𝑘
 ( + 𝑘 ) + 𝑘 (𝑅 𝑠 −  )+ + |  − |* 𝑘
 + 𝑅 𝑠 −  +
 |  − | +  |  |( + 𝑘 )
+ 
× *𝑀(   )+𝑠 − 𝑠 |  | (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− −  
 𝑠 −  
) *𝑀(   )+𝑠−   
 𝑖𝑓                                                                                                                                  (  ) 
If we choose s    in Theorem    we get the following result. 
Corollary  .  If  ( )  ∑    
  
     is a polynomial of degree n    having all its 
zeros on |z|  k k     then for every R    
     *𝑀(  𝑅)+𝑠    
 
𝑘 
*
 |  |*𝑘
 ( + 𝑘 ) + 𝑘 (𝑅 −  )+ + |  − |* 𝑘
 + 𝑅 −  +
 |  − | +  |  |( + 𝑘 )
+ 
× *𝑀(   )+ − |  | (
𝑅 −  
 
−
𝑅 − −  
 −  
)              
𝑖𝑓  >                                                                                                                                (  ) 
and  
    *𝑀(  𝑅)+𝑠    
 
𝑘 
*
 |  |*𝑘
 ( + 𝑘 ) + 𝑘 (𝑅 −  )+ + |  − |* 𝑘
 + 𝑅 −  +
 |  − | +  |  |( + 𝑘 )
+ 
× *𝑀(   )+– |  | (
𝑅 −  
 
−
𝑅 − −  
 −  
)    
𝑖𝑓                                                                                                                                  (  ) 
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 .  LEMMAS 
For the proof of these theorems  we need the following lemmas. 
Lemma  .  If  ( )  ∑ 𝑐𝜈 
𝜈 
𝜈   is a polynomial of degree   having all its zeros on 
| |  𝑘 𝑘     then  
  
𝑚 𝑥
| |   
 | /( )|   
 
𝑘 − + 𝑘 
 
𝑚 𝑥
| |   
 | ( )|                           ( 3) 
The above lemma is due to Govil ,3-. 
Lemma  .  If  ( )  ∑    
  
     is a polynomial of degree n having all its zeros on 
|z|  k k     then  
   
𝑚 𝑥
| |   
 | /( )|  
 
𝑘 
*
 |  |𝑘
 + |  − |
 |  |( + 𝑘 ) +  |  − |
+ 
𝑚 𝑥
| |   
 | ( )|          ( 4) 
The above lemma is due to Dewan and Mir ,5-. 
Lemma 3.  If  ( )  ∑    
  
     is a polynomial of degree  then for all  𝑅    
𝑚 𝑥
| |  𝑅
 | ( )|  𝑅 𝑀(   ) − (𝑅 − 𝑅 − ) | ( )|    𝑖𝑓  >             ( 5) 
And 
𝑚 𝑥
| |  𝑅
 | ( )|  𝑅 𝑀(   ) − (𝑅 −  ) | ( )|   𝑖𝑓                  ( 6) 
The above lemma is due to Frappier  Rahman and Ruscheweyh ,6-. 
 
3.  PROOF OF THE THEOREMS 
Proof of Theorem  .  Let (   )     | ( )||𝑧|  
𝑚𝑎𝑥 . Since p(z) is a polynomial of 
degree n having all its zeros on |z|  k k     therefore  by Lemma    we have 
       𝑚 𝑥
        | |   
 | /( )|    
 
𝑘 − + 𝑘 
    𝑀(   )   𝑓𝑜𝑟 | |                      ( 7)  
Now applying inequality ( ) to the polynomial p/(z) which is of degree n −   and 
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noting ( 7)  it follows that for all r    and   θ   π  
| /(𝑟𝑒𝑖𝜃)|   
 𝑟 − 
𝑘 − + 𝑘 
    𝑀(   )                                    ( 8) 
Also for each θ   θ   π and R     we obtain 
      { (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
 ∫
𝑑
𝑑𝑡
 { (𝑡𝑒𝑖𝜃)}
𝑠
 𝑑𝑡
𝑅
 
 
  ∫   𝑠 { (𝑡𝑒𝑖𝜃)}
𝑠− 
   /(𝑡𝑒𝑖𝜃)𝑒𝑖𝜃 𝑑𝑡
𝑅
 
 
This implies  
|{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|  𝑠 ∫ | (𝑡𝑒𝑖𝜃)|
𝑠− 
| /(𝑡𝑒𝑖𝜃)|
𝑅
 
𝑑           ( 9) 
Since p(z) is a polynomial of degree >    the polynomial p/(z) which is of degree 
n −      hence applying inequality ( 5) of Lemma 3 to p/(z)  we have for r    
and   θ   π 
| /(𝑟𝑒𝑖𝜃)|  𝑟 − 𝑀( /  ) − (𝑟 − − 𝑟 −3)| /( )|                 (  ) 
Inequality (  ) in conjunction with inequalities ( 9) and ( )  yields for n >   
and for R    
     |{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|  
 𝑠 ∫,𝑡 𝑀(   )𝑠− -,𝑡 − 𝑀( /  ) − (𝑡 − − 𝑡 −3)| /( )|-𝑑𝑡
𝑅
 
 
 𝑠∫ 𝑡 𝑠− 
𝑅
 
 *𝑀(   )+𝑠− 𝑀( /  )                   
−(𝑡 𝑠− − 𝑡 𝑠−3)*𝑀(   )+𝑠− | /( )|-𝑑𝑡  
 𝑠 *
𝑅 𝑠 −  
 𝑠
 *𝑀(   )+𝑠− 𝑀( /  ) − (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− 
 𝑠 −  
) *𝑀(   )+𝑠− | /( )| + 
 On applying Lemma   to the above inequality  we get for n >   
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|{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|  
𝑅 𝑠 −  
𝑘 − + 𝑘 
*𝑀(   )+𝑠 
                       −𝑠 (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− −  
 𝑠 −  
) *𝑀(   )+𝑠− | /( )| 
 This gives 
*𝑀(  𝑅)+𝑠  
𝑅 𝑠 −  + 𝑘 − + 𝑘 
𝑘 − + 𝑘 
*𝑀(   )+𝑠 
                                             – 𝑠 (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− −  
 𝑠 −  
) *𝑀(   )+𝑠− | /( )| 
from which proof of inequality (5) follows. 
The proof of inequality (6) follows on the same lines as that of inequality (5)  but 
instead of using inequality ( 5) of Lemma 3 we use inequality ( 6) of Lemma 3. 
Proof of Theorem  . The proof of Theorem   follows on the same lines as that of 
Theorem  . But for the sake of completeness we give a brief outline of the proof. 
We first consider the case when polynomial p(z) is of degree n >     then the 
polynomial p/(z)  is of degree (n −  )      hence applying inequality ( 5) of 
Lemma 3 to p/(z)  we have for r     and   θ   π  
  | /(𝑟𝑒𝑖𝜃)|  𝑟 − 𝑀( /  ) − (𝑟 − − 𝑟 −3)| /( )|              (  ) 
Also for each 𝜃   𝜃   𝜋 and 𝑅     we obtain 
  { (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
 ∫
𝑑
𝑑𝑡
 { (𝑡𝑒𝑖𝜃)}
𝑠
 𝑑𝑡
𝑅
 
 
                                                  ∫   𝑠 { (𝑡𝑒𝑖𝜃)}
𝑠− 
   /(𝑡𝑒𝑖𝜃)𝑒𝑖𝜃 𝑑𝑡
𝑅
 
 
This implies  
|{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|  𝑠 ∫ | (𝑡𝑒𝑖𝜃)|
𝑠− 
| /(𝑡𝑒𝑖𝜃)|
𝑅
 
𝑑𝑡        (  ) 
Inequality (  ) in conjunction with inequalities (  ) and ( )  yields for  >   
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     |{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|     
 𝑠 ∫,𝑡 𝑀(   )𝑠− -,𝑡 − 𝑀( /  ) − (𝑡 − − 𝑡 −3)| /( )|-𝑑𝑡
𝑅
 
 
 𝑠∫ 𝑡 𝑠− 
𝑅
 
 *𝑀(   )+𝑠− 𝑀( /  ) 
−(𝑡 𝑠− − 𝑡 𝑠−3)*𝑀(   )+𝑠− | /( )|-𝑑𝑡  
 𝑠 0
𝑅𝑛𝑠− 
 𝑠
 *𝑀(   )+𝑠− 𝑀( /  ) − .
𝑅𝑛𝑠− 
 𝑠
−
𝑅𝑛𝑠−2− 
 𝑠− 
/ *𝑀(   )+𝑠− | /( )| 1  
Which on combining with lemma    yields for  >    
    |{ (𝑅𝑒𝑖𝜃)}
𝑠
− { (𝑟𝑒𝑖𝜃)}
𝑠
|  
 
𝑅 𝑠 −  
𝑘 
(
 |  |𝑘
 + |  − |
 |  |( + 𝑘 ) +  |  − |
) *𝑀(   )+𝑠 
−𝑠 (
𝑅 𝑠 −  
 𝑠
−
𝑅 𝑠− −  
 𝑠 −  
) *𝑀(   )+𝑠− | /( )| 
From which we get the desired result. 
The proof of inequality (  ) follows on the same lines as that of inequality (9)  
but instead of using inequality ( 5) of Lemma 3 we use inequality ( 6) of 
Lemma 3. 
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